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Abstract. Assigning tasks to robots under per-robot capacity limits
is a combinatorially hard coordination problem central to logistics and
warehouse automation. Quantum variational solvers have recently at-
tracted attention for such problems, yet rigorous benchmarks with full
reproducibility remain scarce. We address this gap with three contribu-
tions. First, a slack-free Quadratic Unconstrained Binary Optimisation
(QUBO) formulation for capacity-constrained MRTA that encodes cov-
erage and capacity simultaneously as equality constraints, requiring only
NK binary variables with no ancilla overhead. Second, a closed-form
sufficient condition for the penalty coeficient (A > copt/N), with A =
Cgreedy as a parameter-free, O(N K log N) computable choice. Third, the
first fully reproducible Quantum Approximate Optimisation Algorithm
(QAOA)-based MRTA benchmark derived from Solomon VRPTW C101
spatial coordinates (customer locations and depot only; time windows,
route sequencing, and service durations are not modelled—the problem
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is capacity-constrained task assignment). Across depths p € {1,2,3} on
a 16-qubit instance, QAOA achieves 100% constraint satisfaction; p = 2
attains approximation ratio r = 1.0047 (mean 1.0051 £ 0.0008 over ten
seeds), outperforming both greedy (r = 1.016) and random (r = 1.007)
baselines. All artefacts are deposited on Zenodo [I].

Keywords: Quantum Approximate Optimisation Algorithm - Multi-
Robot Task Allocation - QUBO - Ising Hamiltonian - Capacity Con-
straints - Near-Term Quantum Computing - Dynamic Penalty Scaling -
Reproducibility

1 Introduction

Deploying a team of robots to service a set of spatially distributed tasks re-
quires deciding which robot handles which task, subject to physical limits such
as payload capacity and travel range. When each robot may serve at most a
fixed number of tasks, the resulting optimisation is equivalent to a Generalised
Assignment Problem (GAP), a class that is NP-hard in the general case [4]. As
instance sizes grow, classical methods ranging from integer linear programming
to evolutionary algorithms either forgo optimality guarantees or scale poorly.

Quantum computing offers a qualitatively different approach. In the current
Noisy Intermediate-Scale Quantum (NISQ) era [6J7], devices of 20-100 qubits are
available but noise-limited, making variational hybrid algorithms the most prac-
tical route. The QAOA [§] encodes a combinatorial cost as a quantum Hamil-
tonian, prepares a parameterised ansatz through alternating cost and mixing
unitaries, and recovers near-optimal solutions by repeated measurement. Appli-
cations of QAOA to MaxCut [8], scheduling [9], traffic routing [10], and capac-
itated vehicle routing [I1] have been reported, yet capacity-constrained multi-
robot task assignment with equality constraints, an asymmetric inter-robot cost
structure, and a principled penalty-tuning procedure on a standard benchmark
has not previously been demonstrated.

Scope clarification. Our benchmark derives robot start positions, task locations,
and the depot from the Solomon VRPTW C101 dataset [25] as a widely recog-
nised source of reproducible spatial data. However, the problem we solve is not
the Vehicle Routing Problem with Time Windows: time window constraints, cus-
tomer service durations, and vehicle route sequencing are entirely absent. The
resulting formulation is a capacity-constrained task assignment problem (ST-SR-
IA with capacity, in the taxonomy of Gerkey and Mataric [2]).
Figure [1| provides an end-to-end visual overview.

Contributions.

(i) Compact equality-constraint QUBO (Sec. [3.2)): NK binary variables,
no slack qubits, exact coverage and capacity enforcement.
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Capacity-Constrained MRTA via QAOA.
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Fig. 1. Graphical abstract. (Left) Eight customer tasks (blue circles), depot (black
star), Robot-0 at SW (32,42) and Robot-1 at NE (48, 58)—coordinates taken from
Solomon C101; no time windows are modelled. (Centre) QAOA circuit with 16 qubits,
p € {1,2,3} cost/mixing layers. (Right) Near-optimal assignment: Robot-0 serves 3
tasks (red), Robot-1 serves 5 tasks (green); » = 1.0047, 8/8 tasks, 0 violations.

(ii) Sufficient penalty condition with proof (Sec.[3.3): revised proof con-
siders all infeasible assignments; A = cgreedy is proposed as a parameter-free
choice.

(iii) Asymmetric robot-cost instance (Sec. : non-degenerate geometry
ensures all baselines produce meaningfully different results.

(iv) Fully reproducible quantum benchmark (Sec. [)): complete open-access
package on Zenodo [I], including multi-seed results and polynomial-time
classical baselines for context.

2 Background and Related Work

2.1 Multi-Robot Task Allocation

The formal taxonomy of MRTA proposed by Gerkey and Mataric [2] classi-
fies problems along three axes: single-task vs. multi-task robots; single-robot
vs. multi-robot collaboration; and instantaneous vs. time-extended assignment.
Our setting is ST-SR-IA with a per-robot capacity budget, yielding a GAP [4].
Korsah et al. [3] extend this taxonomy to cross-schedule interdependencies.

Complezity note. In our specific formulation, all tasks carry unit demand and
robot capacities are fixed non-negative integers. Under these conditions the prob-
lem reduces to capacitated bipartite b-matching, which admits polynomial-time
solutions via min-cost flow [5] in O(N?K log N). The NP-hardness of the general
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GAP arises when task demands are heterogeneous and robot capacities interact
non-trivially; our experiments use the unit-demand instance as a clean, repro-
ducible testbed for evaluating the QAOA formulation at small scale. Physical
multi-robot systems motivating this study include Bluetooth-enabled formation
control platforms reported in [12].

2.2 QUBO and Ising Models

Lucas [I3] showed that a wide class of NP problems can be expressed as Ising
minimisations:

Higing = _ZJijSiSj — Zhisi’ s; € {—1,+1} (1)
i

i<j

via the substitution z; = (1 — s;)/2. The QUBO form Hqupo = x' Qx maps
directly to a quantum cost Hamiltonian:

I:IC = ZhZZZ+ZJ”ZAZZAJ (2)

1<J

Glover et al. [I4] provide a practitioner’s guide to QUBO construction, high-
lighting sensitivity to the penalty coeflicient A—a challenge our dynamic scheme
addresses.

2.3 The Quantum Approximate Optimisation Algorithm

QAOA at depth p [8] prepares:

P A~ . A
1y, 8) = [[ e #1Pe e [4)on (3)
=1

where B = > X; is the mixing Hamiltonian and |[+)®" is the uniform super-
position. The expected cost is minimised classically over the 2p angles. Wurtz
and Love [18] prove monotonic improvement with p under exact parameter op-
timisation; Bengtsson et al. [I9] confirm this requires sufficient classical budget—
consistent with our non-monotonic p = 3 result. The barren plateau phenomenon [16]
does not affect our experiments at p < 3, n = 16.

2.4 Quantum Approaches to Routing and Logistics

Neukart et al. [I0] applied quantum annealing to traffic optimisation. Feld et
al. [I1] used QAOA on the Capacitated VRP with O(N2K) route-encoding
variables, reporting approximation ratios of 1.1-1.3 on six-customer instances.
Quetschlich et al. [2I] addressed a VRPTW variant on four customers (12
qubits).
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Distinction from prior work. Relative to [I1]: (i) we solve task assignment, not
route sequencing, reducing variable count from O(N2K) to O(NK); (ii) equality
constraints give exact satisfaction without soft penalty loss; (iii) we provide full
reproducibility on a standard spatial benchmark. Relative to [21]: larger scale (8
vs. 4 customers), asymmetric costs, and a systematic penalty theorem.

Broader human-centred Al context. Beyond computational performance, intelli-
gent and autonomous systems increasingly need to address transparency, pri-
vacy, accessibility, and human-centred operation. Mahmud and collaborators
have explored explainable and privacy-preserving personalised Al [22], privacy-
preserving multi-agent healthcare systems [23], and inclusive explainable digital-
human modelling [24]. Although developed in different domains, these studies
highlight design principles that may also inform future multi-robot systems op-
erating in assistive, healthcare, and human-robot collaborative settings.

3 Problem Formulation

3.1 Problem Definition

Let J = {0,...,N — 1} be a task set and R = {0,...,K — 1} a set of robots
with integer capacities cap, > 1, satisfying the balance condition ), cap, = N.
The travel-plus-return cost for robot k serving task j is:

ckj = llew = t5ll2 + [1t5 — dlf2 (4)

The optimisation is:

miankj Thj (5)

Tkj k]
s.t. Zxkj =1, Vj (Coverage)

k
Zxkj = capy, Vk (Capacity)

J
xy; € {0,1}, Vk,j (Binary)

3.2 QUBO Encoding

Converting the equality constraints to quadratic penalties:

2

2

Hquso(x) = chj Ty + )\Z (Z Trj — 1) + /\Z Zxkj — capy
k,j j k k j

(6)
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Fig. 2. QUBO formulation pipeline. Left: Bipartite assignment graph (Robot-0 cap=
3, Robot-1 cap= 5, 8 tasks). Centre: 16 x 16 QUBO matrix Q; orange diagonal:
objective costs; blue off-diagonal: penalty couplings. Right: 16-qubit Ising Hamiltonian
arranged as a 4 x 4 grid.

This requires exactly NK binary variables—no slack variables because the bal-
ance condition ensures consistency of both equality families. The QUBO matrix
entries are:

Qii = Ckj + )\(1 —2— 2C34pk) (7)
Qij = 2X, if 1,7 share a task or a robot (8)

giving Ising coefficients h; = —% Zj Qi; and J;; = in‘j (i # j).
Figure[2]illustrates the complete pipeline from the bipartite assignment graph
through the 16 x 16 QUBO matrix to the 16-qubit Ising Hamiltonian.

3.3 Penalty Sufficient Condition

Theorem 1 (Sufficient Penalty Condition). If A > copi /N, then every op-
timal solution of Hqoupo s feasible.

Proof. Partition binary strings into F (feasible) and Z (infeasible). For any x €
7T, at least one constraint among the N coverage equations or the K capacity
equations is violated. A single violated coverage constraint (3, zx; — 1)2 >1
adds penalty at least A to Hqupo(x). Hence Hqueo(x) > A for all x € T.
For the assignment objective we have ceas < Copt - N/N = copt for any feasible
solution. Setting A > copt/N ensures AN > cCopt > Creas, S0 Hqupo(x) > A >
Copt/N for all x € Z, while the feasible optimum satisfies Hqupo (X*) = copt-
Therefore every QUBO optimum is feasible. O
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Remark. Theorem [I] provides a sufficient condition; a tight lower bound on A
requires characterising the minimum penalty across all infeasible configurations
and is left for future work.

We propose A* = Cgreedy = Copt, satisfying the condition without knowledge

of the true optimum, computable in O(N K log N) before the quantum run.

3.4 Instance Construction

We extract the first N = 8 customer spatial coordinates from Solomon VRPTW
C101 [25], using only (x,y) positions. Time windows, service durations, ve-
hicle return requirements, and any routing constraints from C101 are
not incorporated. The depot is placed at d = (40,50); robots are positioned
asymmetrically:

ro = (32,42) [SW], r; = (48,58) [NE] (9)

Capacities cap = [3,5] prevent the trivially-degenerate all-to-Robot-1 assign-
ment. Figure |3| shows the instance geometry and optimal assignment.

4 QAOA Implementation

4.1 Quantum Circuit Architecture

The QAOA circuit (Fig. 4] consists of four stages: (1) Hadamard layer preparing
|[4+)®16; (2) cost layer applying e~""Hc per depth I; (3) mixing layer applying
e~ B, (4) measurement of all 16 qubits, repeated S = 4096 times.

Total two-qubit gate depth scales as O(p - |€]), where |€] = 100 off-diagonal
entries in the 16 x 16 QUBO matrix give ~300 two-qubit gates at p = 3.

Simulation vs. real hardware. All experiments use the Qiskit Aer stat-
evector simulator on a T4 GPU, which is noise-free. Reported runtimes (0.79-
23.67s) reflect classical simulation cost, which grows exponentially with qubit
count; on physical NISQ hardware, circuit execution would grow only as O(p-|€|)
gate operations but approximation ratios would degrade due to decoherence and
gate error. Experiments on real hardware are identified as future work (Sec. [7).

4.2 Parameter Optimisation

The variational parameters 8 = (v, 3) € R?? are optimised using COBYLA [26],
a gradient-free derivative-free method suited to noisy quantum objectives. Zhou
et al. [27] confirm COBYLA finds near-optimal QAOA parameters for small
instances in polynomial time. Initial values are v, = 5; = 0.5 for all /; the budget
is 300 function evaluations at S = 4096 shots. Multi-seed experiments (Sec.
use 10 independent random initialisations per depth.
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Optimal Task Assignment — Solomon C101. ¢ opt = 275.61, Approximation ratio r = 1.000.
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Fig. 3. Physical instance. Depot (black star) at (40,50); Robot-0 (red triangle, SW)
at (32,42); Robot-1 (green triangle, NE) at (48,58); 8 customer tasks (blue circles
C1-C8). Customer locations are taken from Solomon C101 coordinates only; no time
windows are modelled. Optimal total cost copt = 275.61.

4.3 Algorithm

5 Experimental Results

5.1 Setup

Figure [p] shows the complete seven-stage pipeline. Table [[| summarises numerical
parameters.

5.2 Penalty Ablation

Table [2| validates Theorem |1} With A < 50, the all-zero QUBO value (8 x 50 =
400) still exceeds many feasible costs (= 275), producing vacuous results. With
A = 150, the constraint is satisfied, confirming the sufficient condition is met
slightly below cgreedy. Our dynamic choice A* = 280.13 = cgreedy provides a
conservative, parameter-free guarantee.
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Right: COBYLA classical optimisation loop.

5.3 Main Algorithm Comparison

Table summarises results (seed 42 run). All three exact classical methods con-
firm copy = 275.61. QAOA p = 2 achieves r = 1.0047 (+0.47% above optimal),
outperforming both greedy (r = 1.016) and random (r = 1.007) heuristics. Min-
cost flow and LP with branch-and-bound achieve exact optimality in under 1s,
establishing a strong classical upper bound and confirming the QUBO objective
is correctly encoded.

5.4 Multi-Seed Statistical Evaluation

Table [4] confirms robustness across seeds. The p = 2 configuration achieves the
lowest mean ratio (1.005140.0008) with the highest sampling success probability
(5.1 £ 1.2%), while p = 3 shows greater variance consistent with an under-
optimised higher-dimensional parameter space.

5.5 Non-Monotonic Depth Behaviour

The p = 3 result (r = 1.0120, mean 1.0137 £ 0.0031) is worse than p = 2.
This non-monotonic behaviour reflects COBYLA’s fixed 300-evaluation budget
being insufficient for the 2p = 6-dimensional parameter space: p = 3 uses 52
evaluations before its termination condition (vs. 31 at p = 1, 44 at p = 2), yet
reaches a higher final energy. Wurtz and Love [I8] show monotonic improvement
requires exact parameter optimisation.
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Algorithm 1 QAOA for Capacity-Constrained MRTA

Require: Cost matrix C, capacities cap, depth p, shots S, max iterations T', seeds S
Ensure: Best assignment {x;}, cost cqaoa
Cgreedy < GREEDYNN(C, cap)
A Cgreedy
Q + BuiLbpQUBO(C, cap, \)
Ho + QUBOTOISING(Q)
for each seed s € S do
0 «— COBYLA(0 F,(0; Hc, S), RANDINIT(s), T)
% < MoSTFREQUENT(MEASUREQAOA (8, 5))
end for
return best {zx;} over S, cost >°, . ckjTr;

QAOA-MRTA Experimental Pipeline.

&>

7
Solomon VRPTW Asymmeﬂ_'ic Cost QUBO Formulation. QAOA Circuit. COBYLA Result Decoding. Zenodo Deposit.
€101. Dataset Matrix. 16 binary variables. p=1,2, 3 layers. Optimisation. Assignment xy;. Notebook + Data.

Loading & Robot-0 SW (32,42). - o
Verificagon. Robot-1 NE ((4&53}. Coverage + Capacity 16 qubits. 300 iterations. Feasibility check. Figures + Results.

Depot (40,50) v. ckj = outbound + Constralis, 4096 shots Minknlseit38): Ratio r = 1.0047

N=8 Customers return A = Cgreedy = 28013 Energy landscape 10.5281/2en0d0.21253730

Parameter update.

Fig. 5. Experimental pipeline: (1) Solomon C101 coordinate loading; (2) asymmetric
cost matrix construction; (3) QUBO formation (A = 280.13); (4) QAOA circuit (p =
1,2, 3, 16 qubits); (5) COBYLA optimisation; (6) result decoding and feasibility check;
(7) Zenodo deposit (DOI: 10.5281 /zenodo.21253730).

5.6 Energy Landscape
Figure [6] shows COBYLA optimisation trajectories for each depth.

5.7 Scalability and Simulation Notes

QAOA (p = 1) scales to 20 qubits in 23.67s on the Aer GPU simulator. Note
that this runtime grows exponentially with qubit count due to full statevector
simulation; on real quantum hardware, circuit execution time grows only linearly
with gate count, though approximation ratios will be degraded by noise.

5.8 Assignment Visualisation

Figure El compares assignments from brute-force, QAOA (p = 2), and Greedy
NN.
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Table 1. Experimental configuration.

Parameter Value

Spatial data source Solomon VRPTW C101 [25]
Problem type Capacity-constrained task assignment (not full VRPTW)
Customers (V) 8

Robots (K) 2

Capacity [capg, cap,] (3, 5]

Qubits (NK) 16

Robot-0 / Robot-1 start (32,42) SW / (48,58) NE

QAOA depths (p) 1,2,3

Shots (S) 4096

Optimiser COBYLA, Tiax = 300

Seeds (multi-seed runs) 10 (random COBYLA initialisations)
Penalty A Cgreedy = 280.13

Simulator Qiskit Aer statevector (T4 GPU)
Framework Qiskit 1.1.2 / giskit-opt 0.6.1
Fixed-seed run seed 42 (for reproducibility)

Table 2. Penalty ablation: effect of A on QAOA (p = 1, seed 42). Insufficient A
collapses to the trivial all-zero solution.

A Cost Ratio r Assigned Cap OK
5 (insufficient) 0.0000 0.000 0/8 x
50 (too low) 0.0000  0.000 0/8 x
150 (borderline) 277.21  1.006 8/8 v
280.13 (dynamic A\*) 277.050 1.005 8/8 v

6 Reproducibility

All artefacts are deposited on Zenodo [I] under CC-BY 4.0, as shown in Stage 7 of
Fig. |5l The deposit includes: the full Colab notebook with Drive-persisted check-
points; the Solomon C101 coordinate file with hard assertions; all result JSONs
and CSVs; multi-seed checkpoint archives (10 seeds per depth); and publication-
quality figures in PDF and PNG. Fixed seed 42 for single-seed runs, deterministic
Aer simulation, and checkpoint-based resumption ensure reproducibility.

7 Conclusion

We presented a capacity-constrained MRTA framework with three original con-
tributions: a slack-free equality-constraint QUBO formulation (NK qubits); a
revised penalty sufficient condition whose proof covers all infeasible assignments;
and a fully reproducible QAOA benchmark derived from Solomon C101 spatial
coordinates (task assignment only, not VRPTW). Key findings:
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Table 3. Algorithm comparison on the Solomon C101-derived task-assignment instance
(N =8, K =2, cap= [3,5]). All QAOA runs: assigned= 8/8, violations= 0. Min-cost
flow and LP-ILP are exact polynomial-time classical methods. QAOA runtimes reflect
classical GPU simulation, not hardware execution.

Method Type Cost Ratio » Time
Brute-force Exact classical 275.6087 1.0000 —
Min-Cost Flow Exact classical 275.6087 1.0000 < 1ms
LP + Branch-and-Bound Exact classical 275.6087 1.0000 0.22s
NumPy Exact Classical ref 275.6087 1.0000 0.17s
Greedy NN Classical heuristic 280.1256 1.0164 < 1ms
Random Classical heuristic 277.6242 1.0073 < 1ms
QAOAp=1 Quantum (sim.) 277.0500 1.0052 21.93s
QAOA p=2 Quantum (sim.) 276.9103 1.0047 12.89s
QAOA p=3 Quantum (sim.) 278.9279 1.0120 15.83s

Table 4. Multi-seed results (10 independent COBYLA initialisations). Mean and stan-
dard deviation of approximation ratio r and sampling success probability Psyce (frac-
tion of 4096 shots recovering the optimal bitstring at depth p = 2). All runs: 8/8 tasks
assigned, zero violations.

Depth p Mean r Std r Best r Psycc (%)

1 1.0056 0.0011 1.0043 3.8 +0.9
2 1.0051 0.0008 1.0047 5.1+£1.2
3 1.0137 0.0031 1.0098 2.4=£0.7

(1) Constraint satisfaction: 100% coverage and exact capacity for all depths
across all seeds.

(2) Near-optimal quality: QAOA p = 2 achieves r = 1.0047 (seed 42) /
1.0051 £ 0.0008 (10 seeds).

(3) Strong classical context: min-cost flow and LP-ILP both achieve r =
1.000 in under 1s, confirming the formulation is correct and contextualising
the quantum result.

(4) Scalability: up to 20 qubits in 23.67s (Aer simulation); hardware execution
would be faster but noisier.

(5) Reproducibility: complete package at https://zenodo.org/records/21253730) [1].

Future directions include: (i) noise-model experiments on IBM Quantum
hardware; (ii) constraint-preserving mixers via QAoAa [I5]; (iii) warm-start ini-
tialisation [I7]; and (iv) scaling to N > 20 via problem decomposition.

Acknowledgments. The authors thank Poornima College of Engineering, Jaipur,
Amity University Rajasthan, and Samarkand State University for institutional support.
Quantum simulations were conducted on Google Colab (T4 GPU). Solomon VRPTW
C101 coordinates are used with attribution to M. M. Solomon [25].
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Table 5. Depth ablation: evaluations consumed and final objective energy per
COBYLA run (seed 42).

p Evaluations Final energy Ratio r

1 31 277.050 1.0052
2 44 276.910 1.0047
3 52 278.928 1.0120

QAOA Energy Landscape & Approximation Quality — All 2026 Track 3

(b) Approximation Ratio vs Circuit Depth

(a) QAOA Energy Landscape — Convergence by Circuit Depth (cap=[3,5], N=8, A=280)
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Fig. 6. (Left) COBYLA energy trajectories for p € {1,2,3}. Dashed: greedy NN base-
line (280.13) and brute-force optimal (275.61). p = 1 and p = 2 converge below greedy;
p = 3 stagnates. (Right) Approximation ratio r vs. circuit depth p.
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